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Abstract
A hom-Lie algebroid is a vector bundle together with a Lie algebroid like struc-
ture which is twisted by a homomorphism. In this paper we use the idea of
representations up to homotopy of Lie algebroids to construct a same structure
for hom-Lie algebroids and we will explain how representations up to homotopy
of length 1 are related to extensions of hom-Lie algebroids.
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1. Introduction
Hom-Lie algebras was introduced by Hartwig, Larsson, and Silvestrov in [4]
as part of a study of deformations of the Witt and Virasoro algebras. In a
hom-Lie algebra, the Jacobi identity is twisted by a linear map, called the hom-
Jacobi identity. In recent years, hom-structures including hom-Lie algebras, n-5
hom-Lie algebras, hom-algebras, hom-coalgebras, hom-modules and hom-Hopf
modules were widely studied, [5, 9, 11]. The concept of hom-Lie algebroid
was introduced by Camille Laurent-Gengoux and Joana Teles in [3]. We study
the theory of representation of hom-Lie algebroids as a generalization of Lie
algebroids representation.10
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A significant problem with the usual notion of Lie algebroid representation
is the lack of a well-defined adjoint representation. The effort to resolve this
problem has led to a number of proposed generalizations of the notion of Lie
algebroid representation, with the most popular being that of representation up
to homotopy [1, 2, 7, 10, 12].15
At first let us recall some notion of Lie algebroids and their representations.
Definition 1.1. [6] A Lie algebroid over a manifold M consists of a vector
bundle A→M together with a bundle map ρ : A→ TM and a Lie bracket [., .]
on the space Γ(A), satisfying the Leibniz identity
[X, fY ] = f [X,Y ] + Lρ(X)(f)Y,
for all X,Y ∈ Γ(A) and all f ∈ C∞(M).
Bundle map ρ is called anchor and induces a Lie homomorphism from Γ(A)
to X (M).
There is an associated De-Rham-cohomology complex Ω(A) = Γ(
∧
A∗) for
given Lie algebroid A→M with degree 1 operator
dAω(X1 · · · , Xp) =
∑
i<j
(−1)i+jω([Xi, Xj], X1 · · · , Xˆi, · · · , Xˆj, · · · , Xp)
+
∑
i
(−1)i+1Lρ(Xi)ω(X1, · · · , Xˆi, · · · , Xp).
The operator dA is a differential and satisfies the derivation rule, i.e.
dA(ωη) = dA(ω)η + (−1)
pωdA(η),
for all ω ∈ Ωp(A) and η ∈ Ωq(A).20
Definition 1.2. [10] Let A be a Lie algebroid over M , a representation of A is a
vector bundle E →M together with an R-bilinear map ∇ : Γ(A)×Γ(E)→ Γ(E)
such that
∇fXs = f∇Xs, ∇Xfs = f∇Xs+ Lρ(X)(f)(s)
and
∇[X,Y ]s = ∇X∇Y s−∇Y∇Xs,
for all f ∈ C∞(M), X,Y ∈ Γ(A) and s ∈ Γ(E).
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The R-bilinear map ∇ in Definition 1.2 is called a flat A-connection on E.
Proposition 1.3. [1] Given a Lie algebroid A and a vector bundle E over M ,
there is a 1-1 correspondence between flat A-connections ∇ on E and degree 1
operators d∇ on Ω(A;E) = Γ(
∧
A∗ ⊗ E) which satisfy the derivation rule and25
d2∇ = 0.
The structure of this paper is as follows:
• In section two, we study some properties, new examples of hom-algebroids
and a relation between morphisms of two hom-Lie algebroids and a hom-
Lie sub-algebroids of their direct sum.30
• The third section is devoted to the concept of representation of hom-Lie
algebroids.
• In last section we introduce the hom-Lie algebroid representations up to
homotopy and surveyed some examples. The main result of this paper is
Theorem 4.6, which is based on Proposition 4.2.35
2. Hom-Lie Algebroid
At first let us to recall the definition of hom-Lie algebroids.
Definition 2.1. [3] A hom-Lie algebroid is a quintuple (A→M, θ, [., .]A, ρ,Θ),
where A → M is a vector bundle over a manifold M , θ : M → M is a smooth
map, [., .]A : Γ(A)⊗Γ(A)→ Γ(A) is a bilinear map, called bracket, ρ : A→ TM40
is a vector bundle morphism, called anchor, and Θ : Γ(A) → Γ(A) is a linear
endomorphism of Γ(A) such that
1. Θ(fX) = θ∗(f)Θ(X), for all X ∈ Γ(A), f ∈ C∞(M);
2. the triple (Γ(A), [., .]A,Θ) is a hom-Lie algebra;
3. the following hom-Leibniz identity holds:
[X, fY ]A = θ
∗(f)[X,Y ]A+Lρ(X)(f)Θ(Y ), for all X,Y ∈ Γ(A), f ∈ C
∞(M).
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4. (Θ, θ∗) is a representation of (Γ(A), [., .]A,Θ) on C
∞(M).45
The hom-Lie algebroid A is transitive, if ρ is fiberwise surjective and θ is
a submersion. The hom-Lie algebroid A is regular, if ρ and Θ are of locally
constant rank, and totally intransitive, if ρ = 0.
A morphism ϕ between two hom-Lie algebroid A and A′ on same base M is
a vector bundle morphism ϕ : A → A′ such that ρ′ ◦ ϕ = ρ, Θ′ ◦ ϕ∗ = ϕ∗ ◦ Θ50
and ϕ([X,Y ]A) = [ϕ(x), ϕ(Y )]A, for all X,Y ∈ Γ(A).
Proposition 2.2. Let A be a hom-Lie algebroid on M , and let U ⊂ M be an
open subset, such that θ(U) ⊂ U . Then the bracket [., .]A : Γ(A)×Γ(A)→ Γ(A)
restricts to [., .]U : ΓU (A)×ΓU (A)→ ΓU (A) and makes AU a hom-Lie algebroid
on U , called the restriction of A to U .55
Proof. It is enough to show that [X,Y ]A vanishes on U , where X,Y ∈ Γ(A) and
Y vanishes on U . Let x ∈ U and f ∈ C∞(M) such that f(x) = 0 and f(p) = 1
for all p ∈M\U . Then
[X,Y ](x) = [X, fY ](x)
= f(θ(x))[X,Y ](x) + Lρ(X)f(x)Θ(Y )(x)
= 0.
Example 2.3. Let M be a manifold and (g, [., .], α) be a hom-Lie algebra on
TM ⊕ (M × g) define an anchor ρ = pi1 : TM ⊕ (M × g)→ TM , a bracket
[X ⊕ v, Y ⊕ w] = [X,Y ]TM ⊕ (X(w)− Y (v) + [v, w]g),
and vector bundle map
Θ : Γ(TM ⊕ (M × g))→ Γ(TM ⊕ (M × g))
f ⊕ g 7→ f ⊕ α ◦ g
over M . Then TM ⊕ (M × g) is a hom-Lie algebroid, called the trivial hom-Lie
algebroid on M with structure hom-Lie algebra g. TM ⊕ (M × g) is a transitive
hom-Lie algebroid.
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Let A be a vector bundle over M . We denote by D(A) the collection of all60
isomorphism on A over idM .
Definition 2.4. A hom-Lie algebra bundle is a vector bundle L
pi
// M to-
gether with Θ ∈ D(L) and a field of hom-Lie algebras bracket [., .] : ΓL× ΓL→
ΓL with respect to Θ, that is [., .]m : Lm × Lm → Lx is a hom-Lie alge-
bra bracket with respect to Θm, for all m ∈ M , Such that L admit an atlas65
{ϕi : Ui × g→ LUi} in which each ϕi,m is a hom-Lie algebra isomorphism.
Proposition 2.5. Let A and A′ be hom-Lie algebroids on M and let A be
transitive. Let A⊕TM A
′ denote the inverse image vector bundle over M of the
diagram
A⊕TM A
′ //

A′
ρ′

A
ρ
// TM.
Let ρ¯ : A ⊕TM A
′ → TM be the diagonal composition and define a bracket on
Γ(A⊕TM A
′) by
[X ⊕X ′, Y ⊕ Y ′]A⊕TMA′ = [X,Y ]A ⊕ [X
′, Y ′]′A,
and vector bundle map Θ⊕Θ′ : Γ(A⊕TM A
′)→ Γ(A⊕TM A
′). Then A⊕TM A
′
is a hom-Lie algebroid on M and the diagram above is now a pullback in the
category of hom-Lie algebroids over M . We call A⊕TM A
′ the direct sum hom-
Lie algebroid of A and A′ over TM .70
Remark 2.6. Note that the trivial hom-Lie algebroid TM ⊕ (M × g) is not a
direct sum hom-Lie algebroid of TM and M × g.
A sub-vector bundle B → M of A → M is a hom-Lie sub-algebroid of
(A, θ, [., .]A, ρ,Θ) if Θ(Γ(B)) ⊆ Γ(B) and
[X,Y ]A ∈ Γ(B),
for all X,Y ∈ Γ(B).
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Proposition 2.7. If (A, θ, [., .]A, ρ,Θ) and (A
′, θ, [., .]A′ , ρ
′,Θ′) are two hom-
Lie algebroid over M and ϕ : A→ A′ is a vector bundle morphism, then ϕ is a
hom-Lie algebroid morphism if and only if
Gϕ = {(x, ϕ(x))|x ∈ A} ⊆ A⊕TM A
′
is a hom-Lie sub-algebroid of (A⊕TM A
′, [., .]A⊕TMA′ , ρ¯,Θ⊕Θ
′).
Proof. Let ϕ : (A, [., .]A, ρ,Θ)→ (A
′, [., .]A′ , ρ
′,Θ′) be a hom-Lie algebroid mor-
phism. Any section of sub-bundle Gϕ is same as a (X,ϕ(X)), where X is a
section of A. For any X,Y ∈ Γ(A),
[(X,ϕ(X)), (Y, ϕ(Y ))]A⊕TMA = ([X,Y ]A, [ϕ(X), ϕ(Y )]A′)
= ([X,Y ]A, ϕ([X,Y ]A)) ∈ Γ(Gϕ).
Also
Θ⊕Θ′(X,ϕ(X)) = (Θ(X),Θ′(ϕ(X))) = (Θ(X), ϕ(Θ(X))) ∈ Γ(Gϕ).
Thus Gϕ is a hom-Lie sub-algebroid of A⊕TM A
′.75
Conversely, if Gϕ ⊆ A⊕TM A
′ is a hom-Lie sub-algebroid of
(A⊕TM A, [., .]A⊕TMA, ρ¯,Θ⊕Θ
′),
then we have
[(X,ϕ(X)), (Y, ϕ(Y ))]A⊕TMA = ([X,Y ]A, [ϕ(X), ϕ(Y )]A′) ∈ Γ(Gϕ),
which implies that ϕ([X,Y ]A) = [ϕ(X), ϕ(Y )]A′ , for all X,Y ∈ Γ(A).
Furthermore Θ⊕Θ′(Γ(Gϕ)) ⊆ Γ(Gϕ), yields that
Θ⊕Θ′(X,ϕ(X)) = (Θ(X),Θ′(ϕ(X))),
which implies that Θ′ ◦ ϕ∗(X) = ϕ∗ ◦ Θ(X). Therefore ϕ is a morphism of
hom-Lie algebroids.
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3. Representation up to homotopy of hom-Lie algebroids
Let A be a hom-Lie algebroid over M . An A-connection on a vector bundle
E over M with respect to an isomorphism α ∈ D(E) is an R-bilinear map
∇α : Γ(A) × Γ(E)→ Γ(E), (X, s) 7→ ∇αXs such that
∇αfXs = f∇
α
Xs, ∇
α
Xfs = θ
∗f∇αXs+ Lρ(X)(f)s,
and
∇αΘ(X)α(s) = α(∇
α
Xs)
for all f ∈ C∞(M), s ∈ Γ(E) and X ∈ Γ(A).80
The A-curvature of ∇α is the tensor given by
R∇α(X,Y )s := ∇Θ(X)∇Y s−∇Θ(Y )∇Xs−∇[X,Y ]α(s)
for X,Y ∈ Γ(A) and s ∈ Γ(E). The A-connection ∇α with respect to α is called
flat, if R∇α = 0.
Proposition 3.1. Let A // M be a vector bundle which Am be a hom-Lie
algebra by hom-function Θm, where Θ ∈ D(A) and m ∈M . Then A //M
is a hom-Lie algebra bundle if and only if it is admits a flat A-connection ∇Θ85
over A with respect to Θ.
Proof. Let there exists a ∇Θ with R∇Θ = 0. We need to prove that the hom-Lie
algebra structure on the fibers is locally trivial. The vanishing of the curvature
means that ∇Θ acts as Θ-derivations of the hom-Lie algebra fibers
∇Θ(X)∇Y s+∇Θ(Y )∇Xs = ∇[X,Y ]α(s).
Since Θ is over idM , Θ-derivations are infinitesimal automorphism, we deduce
that parallel transports induced by ∇Θ are hom-Lie algebra isomorphism, pro-
viding the necessary hom-Lie algebra bundle trivialization. For the converse,
assume that A is a hom-Lie algebra bundle, so A is locally trivial then locally90
one can choose connections with zero A-curvature. Then one can use partitions
of unity to construct a global connection with the same property.
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Definition 3.2. Let A be a hom-Lie algebroid over M and E be a vector bundle
over M . A representation of A with respect to α ∈ D(E) on E, is a flat A-
connection ∇α on E.95
In the case where A = g is a hom-Lie algebra, Definition 3.2 recovers the
standard notion of representation of hom-Lie algebras. Given an A-connection
∇α with respect to α ∈ D(E) on E, the space of Θ-compatible E-valued differ-
ential forms,
Ωα(A;E) := {ω ∈ Γ(
∧
A∗ ⊗ E)|α ◦ ω = Θ∗ω}
has an induced operator d∇α given by following formula:
d∇αω(X1, · · · , Xp+1) =
∑
i<j
(−1)i+jω([Xi, Xj]A,Θ(X1) · · · , Xˆi, · · · , Xˆj, · · · ,Θ(Xp+1))
+
∑
i
(−1)i+1∇αΘp(Xi)ω(X1, · · · , Xˆi, · · · , Xp+1). (3.1)
Lemma 3.3. In general, d∇α satisfies the α-derivation rule:
Θ∗d∇αω = α ◦ d∇αω, (3.2)
and
d∇α(ωη) = d∇α(ω)Θ
∗(η) + (−1)pΘ∗(ω)d∇α(η) (3.3)
for any ω ∈ Ωpα(A;E) and η ∈ Ω
q
α(A;E).
Proof. Let ω ∈ Ωpα(A;E) and Xi ∈ Γ(A) for 1 ≤ i ≤ p+ 1,
Θ∗(d∇αω(X1, · · · , Xp+1))
= d∇αω(Θ(X1), · · · ,Θ(Xp+1))
=
∑
i<j
(−1)i+jω([Xi, Xj]A,Θ
2(X1) · · · , Θ̂(Xi), · · · , Θ̂(Xj), · · · ,Θ
2(Xp+1))
+
∑
i
(−1)i+1∇αΘp+1(Xi)ω(Θ(X1), · · · , Θ̂(Xi), · · · ,Θ(Xp+1))
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=
∑
i<j
(−1)i+jΘ∗ω([Xi, Xj ]A,Θ(X1) · · · , Xˆi, · · · , Xˆj , · · · ,Θ(Xp+1))
+
∑
i
(−1)i+1α ◦ ∇αΘp(Xi)Θ
∗ω(X1, · · · , Xˆi, · · · , Xp+1)
=
∑
i<j
(−1)i+jα ◦ ω([Xi, Xj ]A,Θ(X1) · · · , Xˆi, · · · , Xˆj , · · · ,Θ(Xp+1))
+
∑
i
(−1)i+1α ◦ ∇αΘp(Xi)ω(X1, · · · , Xˆi, · · · , Xp+1)
= α ◦ d∇αω(X1, · · · , Xp+1).
The proof for (3.3) is similar.
Theorem 3.4. Given a hom-Lie algebroid A and a vector bundle E over M ,100
then there is a 1 − 1 correspondence between A-connections ∇α with respect to
α ∈ D(E) on E and degree +1 operators d∇α on Ωα(A;E) which satisfy the
α-derivation rule. Moreover, ∇α is a representation with respect to α on E if
and only if d2∇α = 0.
Proof. The 1−1 correspondence arise from (3.1) and Lemma 3.3. Now we show105
that ∇α is a representation with respect to α on E if and only if d2∇α = 0. Let
ω ∈ Ωpα(A;E) and Xi ∈ Γ(A) for 1 ≤ i ≤ p. By straightforward computations,
we have
d2∇αω(X1, · · · , Xp+2)
=
∑
i<j
(−1)i+jd∇αω([Xi, Xj]A,Θ(X1) · · · , Xˆi, · · · , Xˆj, · · · ,Θ(Xp+2))
+
∑
i
(−1)i+1d∇α∇
α
Θp+1(Xi)
ω(X1, · · · , Xˆi, · · · , Xp+2).
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Also
d∇α∇
α
Θp+1(Xi)
ω(X1, · · · , Xˆi, · · · , Xp+2)
=
i−1∑
l=1
(−1)l+1∇αΘp+1(Xi)∇
α
Θp(Xl)
ω(X1, · · · , Xˆl, · · · , Xˆi, · · · , Xp+2) (3.4)
+
p+2∑
l=i+1
(−1)l∇αΘp+1(Xi)∇
α
Θp(Xl)
ω(X1, · · · , Xˆi, · · · , Xˆl, · · · , Xp+2) (3.5)
+
∑
i<l<k
(−1)l+k∇αΘp+1(Xi)ω([Xl, Xk]A,Θ(X1), · · · , X̂i,l,k, · · · ,Θ(Xp+2))
+
∑
l<k<i
(−1)l+k∇αΘp+1(Xi)ω([Xl, Xk]A,Θ(X1), · · · , X̂l,k,i, · · · ,Θ(Xp+2))
+
∑
l<i<k
(−1)l+k+1∇αΘp+1(Xi)ω([Xl, Xk]A,Θ(X1), · · · , X̂l,i,k, · · · ,Θ(Xp+2)),
and110
d∇αω([Xi, Xj]A,Θ(X1) · · · , Xˆi, · · · , Xˆj, · · · ,Θ(Xp+2))
= ∇αΘp[Xi,Xj ]Aω(Θ(X1), · · · , Xˆi, · · · , Xˆj ,Θ(Xp+2)) (3.6)
+
i−1∑
l=1
(−1)l∇Θp+1(Xl)ω([Xi, Xj ]A,Θ(X1) · · · , X̂l,i,j , · · · ,Θ(Xp+2))
+
j−1∑
l=i+1
(−1)l+1∇Θp+1(Xl)ω([Xi, Xj ]A,Θ(X1) · · · , X̂i,l,j, · · · ,Θ(Xp+2))
+
p+2∑
l=j+1
(−1)l∇Θp+1(Xl)ω([Xi, Xj]A,Θ(X1) · · · , X̂i,l,j , · · · ,Θ(Xp+2))
+
i−1∑
l=1
(−1)l+1ω([[Xi, Xj ]A,Θ(Xl)]A,Θ
2(X1), · · · , X̂l,i,j , · · · ,Θ
2(Xp+2)) (3.7)
+
j−1∑
l=i+1
(−1)lω([[Xi, Xj]A,Θ(Xl)]A,Θ
2(X1), · · · , X̂l,i,j , · · · ,Θ
2(Xp+2)) (3.8)
+
p+2∑
l=j+1
(−1)l+1ω([[Xi, Xj ]A,Θ(Xl)]A,Θ
2(X1), · · · , X̂i,j,l, · · · ,Θ
2(Xp+2)) (3.9)
+
∑
l,k
(±)ω([Θ(Xl),Θ(Xk)]A,Θ([Xi, Xj ],Θ
2(X1), · · · , X̂i,j,l,k, · · · ,Θ
2(Xp+2)). (3.10)
By X̂i1,··· ,in we mean that we omit the items Xi1 , · · · , Xin , where n ∈ N.
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Whereas [Θ(Xl),Θ(Xk)]A = Θ([Xl, Xk]) and by the hom-Jacobi identity, we
obtain that
∑
i<j
(−1)i+j(Eq. 3.10 + Eq. 3.9 + Eq. 3.8 + Eq. 3.7) = 0,
also
p+2∑
i=1
(−1)i+1(Eq. 3.4 + Eq. 3.5) +
∑
i<j
(−1)i+j(Eq. 3.6) = 0
since ∇α is a representation with respect to α on E and Θ∗ω = α ◦ ω. Then
d2∇α = 0.
Example 3.5. Every regular hom-Lie algebroid A, A has two canonical rep-
resentations. They are g(A) := ker(ρ), together with the A-connection with
respect to Θ
∇adj,ΘX (Y ) = [X,Y ]A,
and the normal bundle V(A) := TM/ρ(A) of the foliation induced by A, together
with the A-connection with respect to θ∗
∇adj,θ∗X (Y ) = [ρ(X), Y ],
where X = X mod ρ(A).
4. Representation up to homotopy of hom-Lie algebroids115
Now, using the contents expressed, we introduce the main concept of this
paper.
Definition 4.1. A representation up to homotopy of hom-Lie algebroid A on
a graded vector bundle ε with respect to degree preserving operator α on ε, is a
degree 1 operator Dα on Ωα(A; ε) such that D
2
α = 0,
Θ∗Dα = α ◦Dα (4.1)
and
Dα(ωη) = DαωΘ
∗(η) + (−1)pΘ∗ωDα(η), (4.2)
for any ω ∈ Ωp(A) and η ∈ Ωα(A; ε).
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By an α-representation up to homotopy we mean a representation up to
homotopy with respect to α.120
Proposition 4.2. There is a 1 − 1 correspondence between α-representations
up to homotopy (ε,Dα) of A and graded vector bundles ε over M endowed with:
1. A degree 1 operator ∂α on ε making (ε, ∂α) a complex.
2. An A-connection ∇α on (ε, ∂α) with respect to α.
3. An End(ε)-valued 2-form ω2 of total degree 1, i.e.
ω2 ∈ Ω
2(A;End−1(ε))
satisfying
ω2(Θ(X1),Θ(X2)) = ω2(X1, X2) ◦ α (4.3)
and
∂α(ω2) +R∇α = 0. (4.4)
4. For each p > 2, an End(ε)-valued p-form ωp of total degree 1, i.e.
ωp ∈ Ω
p(A;End1−p(ε))
satisfying
ωp(Θ(X1),Θ(X2), · · · ,Θ(Xp)) = ωp(X1, X2, · · · , Xp) ◦ α (4.5)
and
∂α(ωp) + d∇α(ωp−1) + ω2 ◦ ωp−2 + ω3 ◦ ωp−3 + · · ·ωp−2 ◦ ω2 = 0.
Moreover, the correspondence is characterized by
Dα(η) = ∂α(η) + d∇α(η) + ω2 ∧ η + ω3 ∧ η + · · · . (4.6)
Proof. Owing to (4.2) and the fact that Ωα(A; ε) is generated as an Ω(A)-module
by Γ(ε), the operator Dα will be uniquely determined by what it does on Γ(ε)
it will send each Γ(εk) into the sum
Γ(εk+1)⊕ Γ1α(A; ε
k)⊕ Γ2(A; εk−1)⊕ · · · .
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Then it will also send each Ωpα(A; ε
k) into the sum
Ωpα(A; ε
k+1)⊕ Ωp+1α (A; ε
k)⊕ Ωp+2α (A; ε
k−1)⊕ · · · ,
and we denote by D0, D1, · · · the components of D. By (4.2), we deduce that125
each Di for i 6= 1 is a (graded) Ω(A)-linear map and, by [1, Lemma A.1] it is
the wedge product with an element in Ωα(A;End(ε)). On the other hand D1
satisfies the α-derivation rule on each the vector bundle εk and by Theorem 3.4.
it comes from A-connections on these bundles. the equations (4.3), (4.4) and
(4.5) correspond to (4.1) and D2 = 0.130
A morphism ϕ : ε1 → ε2 between α-representation up to homotopy (ε1, Dα)
and β-representation up to homotopy (ε2, Dβ) of hom-Lie algebroidA is a degree
zero Ω(A)-linear map
ϕ : Ωα(A; ε1)→ Ωβ(A; ε2)
which commutes with α and β and the structure differentials Dα and Dβ.
Corollary 4.3. Any α-representation up to homotopy (ε,Dα) is isomorphic
whit α-representation up to homotopy (ε,Dα), which
Dα(η) = −∂α(η) + d∇α(η) − ω2 ∧ η + ω3 ∧ η + · · · ,
where Dα is characterized as (4.6).
Proof. Let ϕ : Ωα(A; ε) → Ωα(A; ε) equal to (−1)
k on εk and η ∈ Ωα(A; ε), it
is easy to show that
Dα(ϕ(η)) = ϕ(Dα(η)).
Moreover, ϕ ◦ α = α ◦ ϕ, since α is a degree preserving operator on ε.
Example 4.4. Any representation E of hom-Lie algebroid A with respect to
α ∈ D(E) can be seen as a representation up to homotopy with respect to α135
concentrated in degree zero.
Example 4.5. Let α ∈ D(M ×R) and ω ∈ Ωnα(A) be a closed n-form such that
Θ∗ω = α ◦ ω. Then ω induces a representation up to homotopy on the complex
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which is the trivial line bundle in degrees 0 and n− 1, and zero otherwise. The
structure operator is ∇ + ω, where ∇ is the flat connection on the trivial line140
bundle. If ω and ω′ are cohomologous, then the resulting representations up to
homotopy are isomorphic with isomorphism defined by Id+θ where ω−ω′ = dθ.
Theorem 4.6. For any α-representation up to homotopy of length one with
vector bundles E in degree 0 and F in degree 1 and structure operator Dα =
∂ +∇α +K, there is an extension of hom-Lie algebroids
Hom(E,F )→ A˜→ A,
where
1. Hom(E,F ) is a bundle of Lie algebras with bracket
[f, g]∂ = f∂g − g∂f.
2. A˜ = Hom(E,F )⊕A with anchor (f, x) 7→ ρ(x), hom function (Id,Θ) and
bracket
[(f,X), (g, Y )] = ([f, g]∂ +∇
α
Xf −∇
α
Y g +K(X,Y ), [X,Y ]A).
Proof. It is enough to find that the Jacobi identity for the bracket of A˜.
[(f,Θ(X)), [(g, Y ), (h, Z)]] + [(h,Θ(Z)), [(f,X), (g, Y )]]
+ [(g,Θ(Y )), [(h,X), (h, Z)]]
= [(f,Θ(X)), ([g, h]∂ +∇
α
Y h−∇
α
Zg +K(Y, Z), [Y, Z]A)]
+ [(h,Θ(Z)), ([f, g]∂ +∇
α
Xg −∇
α
Y f +K(X,Y ), [X,Y ]A)]
+ [(g,Θ(Y )), ([h, f ]∂ +∇
α
Zf −∇
α
Xh+K(Z,X), [Z,X ]A)]
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=(
[f, [g, h]∂ ]∂ + [f,∇
α
Y h]∂ − [f,∇
α
Zg]∂ + [f,K(Y, Z)]∂
+∇αΘ(X)[g, h] +∇
α
Θ(X)∇
α
Y h−∇
α
Θ(X)∇
α
Zg +∇
α
Θ(X)K(Y, Z)
−∇α[Y,Z]f +K(Θ(X), [Y, Z]),[Θ(X), [Y, Z]A]A
)
+
(
[h, [f, g]∂ ]∂ + [h,∇
α
Xg]∂ − [h,∇
α
Y f ]∂ + [h,K(X,Y )]∂
+∇αΘ(Z)[f, g] +∇
α
Θ(Z)∇
α
Xg −∇
α
Θ(Z)∇
α
Y f +∇
α
Θ(Z)K(X,Y )
−∇α[X,Y ]f +K(Θ(Z), [X,Y ]),[Θ(Z), [X,Y ]A]A
)
=
(
[g, [h, f ]∂ ]∂ + [g,∇
α
Zf ]∂ − [g,∇
α
Xh]∂ + [g,K(Z,X)]∂
+∇αΘ(Y )[h, f ] +∇
α
Θ(Y )∇
α
Zf −∇
α
Θ(Y )∇
α
Xh+∇
α
Θ(Y )K(Z,X)
−∇α[Z,X]g +K(Θ(Y ), [Z,X ]),[Θ(Y ), [Z,X ]A]A
)
=
(
[f, [g, h]∂ ]∂ + [h, [f, g]∂]∂ + [g, [h, f ]∂]∂ (4.7)
+∇αΘ(X)[g, h]∂ + [h,∇
α
Xg]∂ − [g,∇
α
Xh]∂ (4.8)
+∇αΘ(Z)[f, g]∂ + [g,∇
α
Zf ]∂ − [f,∇
α
Zg]∂ (4.9)
+∇αΘ(Y )[h, f ]∂ + [f,∇
α
Y h]∂ − [h,∇
α
Y f ]∂ (4.10)
+ [f,K(Y, Z)]∂ −∇
α
[Y,Z]A
f +∇αΘ(Y )∇
α
Zf −∇
α
Θ(Z)∇
α
Y f (4.11)
+ [h,K(X,Y )]∂ −∇
α
[X,Y ]A
h+∇αΘ(X)∇
α
Y h−∇
α
Θ(Y )∇
α
Xh (4.12)
+ [g,K(Z,X)]∂ −∇
α
[Z,X]A
g +∇αΘ(Z)∇
α
Xg −∇
α
Θ(X)∇
α
Zg (4.13)
+K(Θ(X), [Y, Z]A) +K(Θ(Z), [X,Y ]A) +K(Θ(Y ), [Z,X ]A) (4.14)
+∇αΘ(X)K(Y, Z) +∇
α
Θ(Z)K(X,Y ) +∇
α
Θ(Y )K(Z,X) (4.15)
,[Θ(X), [Y, Z]A]A + [Θ(Z), [X,Y ]A]A + [Θ(Y ), [Z,X ]A]A
)
(4.16)
(4.7) and (4.16) are vanished by Jacobi identity and hom-Jacobi identity, (4.8),
(4.9) and (4.10) are zero by compatibility of ∂ and ∇α. (4.11), (4.12) and (4.13)145
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are vanished by (4.4), at long last Eq. 4.14+ Eq. 4.15 = 0 since K is close.
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